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Abstract. This document describes part of an e ort to achieve in Nuprl a practical re ection of
its expression syntax. This re ection is done at the granularity of the operators; in particular, ead
operator of the syntax is denoted by another operator of the same syntax. Further, the syntax has
binding operators, and we organize re ection not around the concrete binding syntax, but instead,
around the abstract higher-order syntax. We formulate and prove the correctness of a core rule for
inferring well-formednessof instances of operator-denoting operators.

1 Intro duction

This work is part of an overall e ort to get a practical re ection of syntax, computation and proof in
Nuprl [4,1,3]. Re ecting syntax in a logical system entails writing proof rules that expressthat re ection,
i.e, establishing an inferential connection between the actual syntax used and the meta-terms supposedly
referring to it.

Operator-denoting operators are called shifted operators: if an operator x denotesoperator y, then X is
called a shifted y, and will be typesetasy. For example,a+ b denotesc+ d if a denotesc and b denotesd.
The plus operator denotesa function that takestwo integersand returns an integer, and its shifted version
denotesa function that takestwo terms and returns a term. The problem is what do we do with an operator
that hasa bound subterm: for example,8x: P(x) is an operator that denotesa function taking a boolean or
propositional function and returning a boolean or a proposition (its syntactic form is, of course,binding).

The obvious choice for the semartics of the shifted version would be a function, 8(x; P) that takestwo
expressionsas input values: one for the bound name, and one for the body, and constructs the concrete 8
term. We will not pursuethis direction. Instead, we shall adopt a higher-order abstract syntax [7]. Going in
this direction, we get the usual bene ts of this approac over concretesyntax (or alternativ eslike de-Bruijn
indexes),such asspeci ed in [8]. But we get a further bonus: it allows usto retain the samebinding structure
as the operator being denoted. In particular, the single input argumert for 8 has the samebinding as 8: it
takesin a term-valued function asan argumert.

Implemerting re ection in a programming languageis usually done in a straightforward way: simply
expose the implementation's evaluation function so it is available to programs written in the language.
Howewer, in a logical setting this is usually not the chosenapproad, and the result is usually limited in
its usability to theoretical or toy examples.The best example is Gedel numbers [5] which are good as a
theoretical tool but not t for an actual running system.Our goalis an everntual implemertation that follows
the same principle of exposing internal functionality: this is the outcome of operators being denoted by
operators. The result is expectedto be a systemthat haspractical re ection implemented asis the situation
in programming languages.

This construction is intended for the Nuprl system,but we avoid relying on a speci ¢ substitution function,
which makesthis approacd applicable in the generalcase.Relevant information about Nuprl terms is limited
to their content: a Nuprl term corntains an operator id, and a list of bound subterms, ead cortaining a list of
bound variables and a term. Throughout this text we usea more convertional notation, with the extension
of using underlines for shifted operators.

Returning to the question above: we begin by asking what is the semartics of 8? The semartics of a
concrete shifted 8 is the trivial one given above, but the semartics for 8 is more subtle.
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2 Semantics of Shifted Op erators

Since8 is a binding operator, it takesa function asan argumert. Our basicrequiremert is that F(t) be the
result of the "All-Instantiation' rule applied to 8x: F(x) and t. This meansthat F needsto be a substitution
function. Sothe semartics we adopt for 8x: F(x) is that it denotesthe 8 formula whose predicate part is
F (u) and whosebinder is u for someu | almost.

But which u? As usual we can avoid this question by using a higher-order abstract syntax, and say that
what is denoted is actually the -equivalenceclassof all such formulas where someappropriate u could be
found. From this point forth, we use Term to refer to these -equivalenceclassesrather than the concrete
terms.

Before going to the technical parts, lets considerhow we might reasonabout this in the re ectiv e logic.
The rst intuition is that proving that somethingis a Term dependsonly on having a quoted operator opid
and on its subparts in a simple compositional way:

if vi:Term™ by 2 Term
VvV :Term™ by 2 Term

Vy :Term™ b, 2 Term
This seemsne, but it fails with bound variables. For example, the following can be proved:

T _(xiif x=0thenlelse2) 2 Term
because x : Term” if x = Othen 1 else22 Term

The premiseline is trivial, but the original statemern is false,becausethe quoted _-term contains a function
which is not a substitution function | it is not a \template” function. In other words, there is no literally
guoted term that this value stands for.

When inspecting this term, we can compareit to similar but valid terms to seewhat went wrong with
this rule:

1. _(x.if x = Othen1 else2)
2. _(x_if x = 0thenl elsel)
3. x: if x=0thenl else2

The two _-terms are ne, becausethey're built from substitution functions, and the last one is a simple
Term! Term function. The di erence betweentheseterms and the previous one indicates what is wrong
with the above rule: the bound variable should not be usedas a value. It is a binding that should only be
usedin template holes,asthere is no real value that this variable is ever bound to that can be used.In the
valid examples,the rst onedid not use the bound value except for sticking it in its place. The secondone
almost used the value, but since the two branches are identical it is possibleto avoid evaluating the test
term; therefore it can be evaluated without usingit, and the last oneis not a Term but a function on Terms,
soit can usethat value asusual.

The conclusionis that a bound variable can be usedonly as an argumert of a quoted term constructor.
In other words, it can serve only as a value that is \computationally inert", much like universeexpressions
in [2]. This is also similar to variables that are bound by Scheme's syntax rules [6] | they are template
variables that can be usedin syntactic structures to build new structures®. When put in this light, it seems
that any attempt to get this property in a proof fails. The lessonfrom this is: variables bound by quoted
operators do not behave like normal bindings in the sensethat they do not provide any valuesusableon the
normal Nuprl level | and this is alsotrue regarding universeexpressions.

! For example, in the template ((foo x) (bar x)) , the identier “x'is just a place holder that can be usedto stick
a value in a template; it is not possibleto inspect its value.
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3 Term De nition

We take CTerms as concreteterms: the type of objects intended to be ordinary syntax objects with binding
operators. A more precisede nition is given later, in Section 5. To de ne the Term type, we also needto
introduce a predicate, is _subst, which is usedto distinguish proper substitution functions. This predicate
is de ned in Section 6, and it has speci ¢ rules which are introducedin Section6.1.

As said above, Terms are de ned over these CTerms:

Term CTerme=

Terms are constructed by shifted operators, which have the semariics of functions that create Terns from
Term substitution functions. For example:

_:ff : Term! Termjis _subst,(f)g! Term

using a version of is _subst that works with one argumert functions. Generally, is _subst ,, is a predicate
over TernT'! Term. To simplify things, we drop the n when the cortext is clear.

CVar is a subsetsof CTerm, which contains only atomic variable terms. Correspondingly, Var = ff xg j
X 2 CVarg, therefore Var Term, sincevariablesare -equivalent only to themselhes. Two assumptionsthat
will be usedin the following are that we have an in nite supply of distinct variablesin CVar (and therefore
in Var) and that there is at least one closedCTerm we can use.

4 Operations, Assumptions, and Facts

Theseare the operations that will be neededin the following text:

taking the -equivalenceclassof an object.
choosing an elemen of an -equivalenceclass.This is somefunction, such as one that choosesthe
rst available variable namesusing lexicographic order.
standard capture-avoiding substitution on CTerms. It can be usedto substitute for multiple variables
at one shot, provided that the number of supplied terms matchesthe number of variables, which are
all distinct.
[=1 substitution for Terms, which is de ned using the above operations as: b[x=v] = b [x =V ] .
newcvar( ) returns a new CVar, i.e., newcvar(t) is neither free nor bound in t 2 CTerm
newvar( ) is similar to newcvar( ) but for Terms, de ned as: newvar(x) = newcvar(x ) .
newcvar, () returns n new CVars, de ned as:

newcvary(X) = newcvar(x),

newcvarp+1 (X) = (let v = newcvar, (x) in v; newcvar(v; x)).
newvar, () returns n new Vars, de ned in the sameway as newcvar, ().

—
1
—

We use versions of these operations that are generalizedto any lists and tuples of input argumerts in
an obvious way. The newcvar( ) and newvar( ) operations are further extendedto functions by plugging in
somecloseddummy term argumert (that we name "0') and using the result:

8f : Term'! Term newvary, (f) = newvary, (f (0"))

Below we will often justify things of the form a = b, by mentioning lemmasof the form a= b, without
emphasizingthis transition.

Note: an overline indicates the value is a tuple and a way to index its elemers. For example, X : Var"
meansthat X is a list of n Vars, and that x; is the ith elemen of this list; that is, x is a function from
i :1:::len(X) to the ith elemen of X.
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4.1 Imp ortan t Assumptions and Facts

In this section we state seweral assumptionsand derived facts about substitution | the assumptionsare
not argued for, but we think that it is clear they are all true for any reasonablede nition of substitution
(one that respectsthe usual term binding structure). This allows us to take substitution as given and avoid
getting into a speci ¢ implementation. Thesewill be usedin the following text.

?1 8x : Term x = X
?2 8x :CTerm x = X

This fact is mostly usedwhen nestedin a bigger term, see?4 below.
?3 8x :CVar: x = x

becausex 2 CVar ) x = fxg= x.
?4 8X1;%Xz : CTernT;v:CVar"; b:CTerm X1 = Xz ) bXi=v]= bxz=v]

Note that using this fact, ?2 can be usedin a subterm of an -equality, since:8t; x : CTerm t = t[x =x]
?5 8by;bp i CTerm; T:CTernT; v:CVa:by = b, ) bf[t=v]= bft=v]

note that v is the sameon both sides(free variablesin the body are not changed).
?6 8t : CTermy X7 : CTerm"t; X3 : CTern'2; vq;U : CVar"; v; : CVar"?:

the sequencevy; V7 are distinct & U are distinct, not freein t; X3
) UXGXe=V V2] = t[U; X2=vr; V2 [X =]
This is simple to verify:
t[0; X2=v1; V2][X1=0]
(any of T do not occur free in t) = t[U[X7=U]; X2[X7=U]=V1; V2]

(T are distincty = t[X7; X2[X1=U]=V1; V2]

(any of T do not appear in x3) = t[X7;X2=V7; V2]

Note that it is easyto show that sudh a U exists by choosingit as:

let U = newcvar,, (t; Xz;::3)
?7 8t : Term X7 :Tern't; X7 : Term'2; vi;u: Var"t; v; : Var"2:
the sequencevy; V7 are distinct & U are distinct, not freein t; X3
) Xy X2=v; V] = U x2=vy; o]l [X:=u]

Again, verifying this is simple: from ?6 we know that
t[U;x Vi V2 |[Xe =U] =t [X1 ;X2 =V ;V2 ],

so:

tU; x2=vy; VR l[x1=u] = t [U ;X2 =vi ;V2 | [X1 =U]
(22,25 = t [U ;X7 =V ; V7 |[X1 =U ]
(by the use of 26 above) = t [X7 ;X7 =V1 ; V2 ]

= t[xX7; X271, V2]

A similar note holds here:it is easyto show that such a U existsif it is chosenas:
let U = newcvar,, (t ;Xz ;:::) = newvary, (t; Xz;::3)
?8 8c: CTerm v;u:CVa"; s;t: CTerm’:
U are not freein c exceptfor v ) c[s=V|[t=t] = ([3[t=U]=V]
Note that the v exception is usually not needed.
?9 8c: Term v;u:Va"; s;t: Term':
U are not freein c exceptfor v ) c[s=v][t=u] = c[3[t=u]=V]
This is easily showvn by ?2 and the de nition of [ =], using the previous fact.

A generalintuition that arisesfrom thesefacts and others, is that Term valuesare indeed isomorphic to
CTerms: aslong asthere are no \dirt y" concretetricks played by using namesof bound variables, facts that
hold for CTerms will have corresponding versionsfor Terms.
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5 Denitions of Shifted Op erators

In the general case,a shifted operator id, opid, is de ned as a function that takesin some substitution
functions (determined by is _subst) of somearities, and returns a Term value. This is donein the obvious
way: ead of the substitution functions is usedto plug in new variables; then the results, with the chosen
variables, are all padkaged into a CTerm; and nally , the -equivalence class of this result producesthe
resulting Term. The actual represenation is not too important | we could go with pairs and lists. For
example:

_(f) = h ";[Nnewvar(f) ];f (newvar(f )) i]i

but this getstoo complex in the general case(and it makes analysis hard, since we should know if a pair
stands for a bound term, a term, or a pair of terms).

Instead, we usesometypesand abstract operations, which avoids committing usto somerepresertation.
The additional typeswe needare:

{ Opldwill be usedfor term name labels;
{ BndCTerm, is a bound CTerm (wherea:N) | padkaginga CTermwith a distinct CVars.

BndCTerms are created with a mkBndCTerroonstructor?:
mkBndCTerm2 a:N! (1:::a! CVa)! CTerm! BndCTerm,
An alternate syntax for mkBndCTerroan be more natural when a is known:
mkBndCTerR;t) standsfor mkBndCTerflen(x);(i: x;);t)
CTerms are created with mkCTerm

mkCTerm2 Opld! n:N
I'a:(2:::n! N)
I (i:1:::n! BndCTermy,)
I CTerm

An alternate syntax for this which can be more natural when n; a are known is:

which can be usedinstead of
mkCTerigo; n; (i: len(X7)); (i: mkBndCTertri;t)))

The next thing we needis a type which is the subsetof Term"! Term functions that are substitution
functions (using the is _subst predicate):

SubstRing, = ff : Term"! Termj is _subst,(f)g

Now we have reached the point where we can nally de ne a mkTermconstructor for Terms which uses
mkCTerm

mkTerm 2 Opld! n:N
I a:(1:::n! N)
I (i:1:::n! SubstRing,)
I Term

2 We use the notation x : A ! By to denote functions on A such that 8x : A: f(x) 2 By, a type which is more
convertionally denoted by x : A: By.
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This function is de ned as:
mkTerrfo;n; a;f) =
mkCTerifo;n; a; i: let X = newvary, (fi) in mkBndCTer(r ;f;(X) ))
and the alternate syntax for this is:

which stands for
mkTerrfo;n; i: a;; i: f;) = mkTerrfo;n; a;f)
A shifted operator is a Term constructor which usesmkTermwith some xed operator name and arity
list. For example,” ' and "' are de ned as:

_(f) = mkTerr@ ";[L;fi]); _(f;0) = mkTerrg@ "';[h0;fi;hl;gi])

Note that sincemkTermis curried, a shifted operator is madeby specifyingthe rst three inputs: mkTerrfo;n; a).
In addition to the assumptionsand facts introducedin Section 4.1, we further assumethe following:

?10 We specify oneway that substitution interacts with CTerms| for all i; k, if it is true that
if v is freein t; then none of X; are free in either ry or v
then?,

mkCTerifo;n; a; i mkBndCTertr;;t;))[F=v] = mkCTenfo;n; a; i: mkBndCTer{®y; t; [F=V]))

To seewhy it is true using any reasonablede nition of substitution, it is simpler to rst seethat a
precondition that could be usedis that none of Xi occur free in T;Vv; this is too restrictiv e for our future
needsbut the explanation is somewhatsimilar.

First of all, if v¢ is not freein t;, then there is no needfor any restriction, sinceit does not have any
e ect on the result. Now, if it doesappear in t;, then it is enoughto have two guaranteesfor the above
to remain an -equality: (a) if none of Xi are free in ry then capture by X is impossible;(b) if vk is not
in Xj, then none of the vk will not get\screenedout" in the body.

A fact similar to this assumption also holds for Terms | if none of X; occur freein T;v;f; (0% ) then:

mkTerrfo;n; a; i: f{)[Fr=v] = mkTerrfo;n;a; i: z: f;(Z)[r=v])

However, it turns out that this fact is not needed,so no proof is given.
Note: we have later found that this fact is not correct, but sinceit was not used,it doesnot a ect the
rest of the paper. (July 2003)
?11 A simple fact about renaming bound variables:
8X;;Z : CVar": X7 are distinct & z are distinct & z are not freein b
) mkCTerffo;n; a; i: mkBndCTertri; b))
= mkCTerffo;n; a; ii mkBndCTertw; b [Z=Xi]))

6 Dening is _subst

A function is a substitution function i there exists an appropriate substitution that it is equivalert to. First,
we describe this using CTerms, sincewe know how substitutions work on them:

is _subst,(f) 9b:CTerm 9v:CVar": 8t: CTern!: f (f ) = bi=v] 1)

Note that f returns a Termwhich is an -equivalenceclass,sowe have an equality rather than an -equality.
This should be equivalert to directly using a Term argumert for f :

is _subst,(f) 9b:CTerm 9v:CVa":8r: Terml': f (1) = b =v] 2
We should show that 8b: CTerm; 8v : CTernt, the two sub-expressionsare equivalert.

% Note that the -equality is neededonly becausethe substitution de nition might intro duce arbitrary renamings.
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(1)) (2) Instantiate t with the chosenr :

@ yr =v]

fm )
(2)) (1) Instantiate T with t and we get:

2224\ o

f(t)%2 bt =v] "2 bt=v]

We can now try to usea versionthat hasall Termtypesand no CTermtypes,using the -terms substi-
tution, [=]:

is _subst,(f) 9b, : Term 9vg : Var": 8t, : Term": f (f5) = ba[ta=Va] 3)
Now, verify that this is indeed equivalent to the other two de nitions:

(2)) (3) Let by = b, vz = v, pick somet,, and instantiate T with it:

f(L) 2 b V]2 b [fa =v ] = b[L=V]= blL=v]
(?) is true becauseof ?2 (with b), ?3 (with V), and ?5 (with x1;X,;t; V).
(3)) (2) Let b= by, V= v, pick somer, and instantiate t, with it:

t(M % br=vzl = b, [r =vz ] = br =v]

6.1 The is _subst Rules

Now that we have a reasonablede nition of is _subst, we de ne key rules which useis _subst to prove that
somethingis a proper Term. Theserules turn out to be quite simple | there are only two cases:

H * is _subst (X1;X2;:::;Xn: X)

H ™ is _subst (X: opid(yz: by;:::;¥n: by))  where opidis somequoted opid
H ~ is _subst (X; y1: by)
H " is _subst (X; y2: )

H ™ is _subst (X; ¥n: bn)

Note that this is enoughfor proving the validity of any Termvalue; for example,quoted constarts succeeds
immediately sincetheir opid is quoted and they have no subterms. Proving t 2 Termis achieved by showing
is _subst (: t). (Of course,this is not a complete set of rules, sincethere are more caseswvhere we have general
Term expressionsthat are not constarts.)

6.2 Justifying the is _subst Rules
The validity of the rst rule amounts to this:
8n;i :N*:i n ) is_subst,( )

which is easily veried. Choosedistinct v = vy;:::;v, variables, and let b = L(V) = vi. Then, 8t :
Tern': | (f) = v;[t=V] is true by the de nition of !, of [ =], and the distinctness of v.
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Our main result will be formulating and proving the validity of the secondrule, but this formulation requires
somepreparation. First, recall that the type of mkTermis:

Opld! n:N! a:(@:::n! N)!I (i:1:::n! Substhing,)! Term

Note that, as said earlier, a shifted operator is the result of applying mkTermon the rst three argumerts,
sincethey de ne the operator symbol and the list of arities it expects. For example:

_=mkTerr@ ";L1;hli) _ = mkTerr@ ';2;H0; 1i)
So, a shifted operator has the following type, for somegiven o, n, and a:
mkTerrfo;n;a) : (i:1:::n! Substhung,)! Term
Remenber that the current goal is to concludethat for someshifted operator, opid:
is _subst (X: opid(V1: by;:::;Vn: by))

if
is subst(X;vi: b)) & ::: & is _subst (X; Vy: by,)

We needto composethe opid function with an object that will make the result a Termf!' Term function

that is composedwith opid should get a tuple of Ternt as input and return the vector of n substitution
functions, built by consumingX. In short, we padkageall the necessaryinformation in F:

F : Ternt ! (i:1:::n! SubstRing,)

sowe get the expected:
mkTerrfo;n;a) F : Termf! Term

Now for the main result | the validity of the secondrule may be formulated thus:

80:0pld n:N; a:(1:::n! N); k:N;

F:Termf! (i:1:::n! Substfing,):
8irliiiniis substysa ( ,ts;Xxs: F(ts)(i)(xs))

) is _subst(mkTerrfo;n;a) F)

Proof. Assumeo, n, a, k, and F are given as speci ed. We also assumethat the constructed functions are
substitution functions; therefore,for every 1 i nwegetc : Term; Ty : vark; v : Var® such that;

8ri;iinrirdiinr cTermi F(risconrp)(i)(rd;inrd) = or 5 r2=uy; vil

Let T : Tern® be somek Terms,
let Xi = newvary, (F (t)(i)),

Now we can proceed:our goal due to the de nition of is _subst, is to derive an equality of the form
(mkTerrto;n;a) F)(f) = B[i=X]

where, and this will be the tricky part, B and X are independent of the input, t. So:

4 Note that this special form of could be avoided if the fourth input typeto mkTermwould take the terms rst and
then the index (instead of the SubstRuncs; ), but that would require a special composition operation instead.



Re ecting Higher-Order Abstract Syntax in Nuprl 9

(mkTerrfo;n;a) F)(t) =
= mkTerrnfo;n; a; F (1))
(mkTermdef) = mKCTerigo;n; a; i: mkBndCTer(®; ; F (t)(i)(X7) ))
(F's facty = MKCTerifo;n; a; i: mkBndCTer(®r; ;¢ [t; Xi=ti; vi] ))
(?7y = mkCTerigo;n; a; i: mkBndCTer®; ; ¢ [S; X =u;; Vi ][t=5] ))
([=1defy = mkCTerifo;n; a; i: mkBndCTer{R; ;G [5;Xi=Ui;Vi] [t 5] ))
(?2) = mkCTerifo;n; a; i: mkBndCTer®; ; G [3;X=0;;Vi] [t =5 1))
(210, see beow) = MKCTerfo;n; a; i mkBndCTer(R; ;¢ [S;Xi=u;; Vi] )t =5 ]
(22) = mkCTeno;n; a; i mkBndCTer(®; ;¢ [s;Xi=ui; Vi] )) [t =5 ]
([=1det) = mKkCTerifo;n; a; i: mkBndCTer(®; ;¢ [S;Xi=ti; Vi] )) [t=5]

In the above, making sure ?10 applies needssomecare. Assumethat for somej;l, the variable s; is freein
the Ith body, which is ¢ [s; Xi=ur; vi] . We needto make surein this casethat X is not freein either t; or
sj . The latter is trivial by the choice of s (and holds for all indexes), but the former is not obvious. What
we do know about Xj is its de nition:

Xi = newvarg, (F (1)(1)) = newvar,, (¢ [t; 0* =ty; vi])

but sinces; is freein ¢[s;x=tr;vi] , then u;; must appearin ¢ ; therefore, the choice of X; above must
pick variablesthat do not appearin t; sowe're safe.

Going badk to the main proof, the last term of the equality chain built so far was:
mkCTerifo;n; a; i: mkBndCTer(®; ;¢ [5;X=ui;Vi] )) [t=3]

which hasthe B[t=X] structure that we're looking for, but we're not nished becauseboth the B and the X
parts dependont | Xjis de ned in terms of t, Sis de ned in terms of Xj, and both B and X parts contain
instancesof 5 (and B actually corntains Xj as well).

not appear in anything mentioned so far, including t.
Now, badk to our equality chain which left o at:

= mkCTerifo;n; a; i: mkBndCTer(®; ;¢ [3;X=t;;Vi] )) [t=S]

By ?11:
= mkCTerifo;n; a; i: mkBndCTerfw; ;¢ [s;z=t;;vi])) [t=5]

Next, we use substitution to get sCinside | s are distinct, sO are distinct, and s® doesnot occur in z:
= mkCTerifo;n; a; i: mkBndCTerts ;¢ [sq5=s7; z [s=s9=ui; Vi] )) [=S]
Becauses? doesnot occur free in ¢, this would be the expansionof the following substitution by ?9:
= mkCTerifo;n; a; i mkBndCTertwr ;¢ [s% z=u7; vi][5=s7] )) [i=5]
Combining [ =] and ?2 we get:
= mkCTerifo;n; a; i: mkBndCTer(w ;¢ [s%z=ui;Vi] [s =s°])) [t=s]
Z do not occur in either 5 or s® sowe can use ?10:

= mkCTerno;n; a; i: mkBndCTer(g ;¢ [s%z=ui;Vi] ))[s =s°] [t=5]
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Again, using [ =] and ?2:
= mkCTerifo;n; a; i: mkBndCTer(w ;¢ [sCz=u;;vi] )) [s=sY[t=s]

Now, s doesnot appear in the mkCTernexcept possibly for s° (becausewe know it is not in ¢; or z), sousing
?9 we get:

mkCTerigo;n; a; i: mkBndCTer(w ;¢ [s%z=ur;vi])) [S[t=s]=s9
mkCTerigo;n; a; i mkBndCTer(w ;¢ [s%z=ui;Vi])) [=s9

Finally, using ?11 we get:
= mkCTergo;n; a; i mkBndCTerr? ;¢ [s® x%=tr; v] )) [{=s]

Our nal term hasthe desired B[i=X] form, and now the B and the X parts are independert of . This is
because:

x9 dependsonly on ¢;;
sO dependsonly on @ and t, and therefore only on t;
and Uy and Vi, just like ¢, were derived from the assumptionthat the inputs are substitution functions.

QED.

7 Conclusions

The construction of the Term type was done to facilitate exposing internal Nuprl functionality to Nuprl
users,which, it is hoped, will leadto a lightweight re ection implementation. We have shown the plausibility
of basinglogical re ection on higher-order abstract syntax, where eat syntactic operator is denoteddirectly
by another operator.

We are continuing the implementation of re ection in the Nuprl systemalongtheselines, and hopeto soon
test this conjecture. The corerules re ecting syntax that we shawved correct here, are already implemented,
reusing existing internal functionality, without involving concrete syntax. Initial exampleshave indicated
that it is, in fact, useful.
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